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INVESTIGATIONS ON LAMINAE BOUNDARY-LAYER STABILITY
u AND TRANSITION O CURVED BOUNDARIES

1 . By Han® W. Liepmann

'SUMMARY

Transition of ths boundary layer from the laminar to
the turbulent nregime has been investigated on a flat plate,
on the concave and convex side of a plate having a 20-foot
radius of curvature, '‘and on the convex slde of a plate

. wvith a 30-inch radius of curvature. The investlgations
were carried out at the Guggenheim Aeronautice Laboratory,
California Institute 6f Technology (GALCIT) in a special
tunnel with low free-stream turbulence. It was found that
transition was not affected by convex curvature in the in-
vesbtlgated range from % =0 +to % =:0.001, GConcave cur-

P vature was found to have a pronounced offect on the tran-
’ sltlion point, .decreasing the critical Reyrnolds number.

The laminar boundary-layer oscillatlons discovered
recontly by Dryden, Schubauor, and Skramstad on a flat
plate have be=-n investlgated on the convex sidee of the
r = 20-foot and r = 30-inch plates. It was found that the
mechaniem of transition on the convex sides of the plates
1s the same as that on the flat plate. Measurements of
the characteristios of the laminar oescillations agroe
closely with the results of 8chubauer and Skramstad. The
moechanism of traneltlion on concave surfaces appears to be
different from that for flat and convex plates.

Measurements of the influence of a eingle roughness
eloment on the boundary layer shew that transltion can oc-
cur in two dletinetly different waye downstream from the
element: Traneition can occur in the wake proper of the

» element or further downsetresm after ths boundary layer. has
reattached 1tself to thé surface.

The influonce of a pressurce gradient on transitlon on

-




the convex slde of the r.= 20-foo} plate ' was studlied.
No definite parameter governing the influence of the
pressure gradient has yet been obtalned.

I. INTRODUOTION i

The California Institute investigation of the effect
of curvature on boundary-layer transltlion was initiated
in 1937 under a goeneral research program sponsored by the
National Advisory Committee for Aeronautics. The purpose
of thig general program was to leolate the factors influ-
encing transition - such as external turbulenge, pressure
gradlent, and curvature - and o investigate each effect -
separately. Thée GALCIT undertook the investigation of the °
effect of curvature on the transition of the boundary
layer from the laminar to the turdulent stato.

The general nature of the problem requires the ex-
treme reduction of all other factore influencing transi-
tion. Hence, the pressure gradient along the boundary"
should be as close to mero as porslble and the external
turbulence level as low as possible. To satisfy the first
condlition, the curved surface was chosen ae a thin sheet
set into - curved test section such that the test ghest
and the walls of the section form four concentric cylinder
surfaces. To reduce the turbulence level of the free
stream the flow upstream of the test section had to be -
carofully controlled. These two conditions detormine es-
sentlally the type of wind-tunnel equipment used in this
investigation, which is described in a later part of this
report. The flat plate &t sero pressure-gradient 1s the
limiting case for large ' radiue of curvature, "and -thus:
forms the 1ink betwseen thie lnvgstigation and the.réseareh
on the .influence of turbulence level and laminar boundary-
layar oscillations on transition carried out on a flat
plate at the ¥ational Bureau of Standards in the course of
the same genera’ program of the NACA,.

The first investigations on the influence of curva-
ture on transition by Milton and Francis Clauser (refer-
ence 1) at GALCIT showed & strong influence pf curvature
on the location of the transition point.. Convex curva-
ture was found to delay traneltlon appreciably as compared
with concave curvature. These results, however, met with
some oriticiem bassd mainly on the following two points:
In the experiments of the Clausers the angle of attack of



the -curved sheet was not varied.,. Hence, the concave side
and the convex side of the sheet, reapectively. were test-
ed under flow conditions mot necesserily 1identical, since
the stagnation point: might have been ‘situated on the con~
vex or the concave side,- Since. Schiller (reference 2) and
Hall and Hislop’ (referenoe 3) found a.strong.angle~of-
attack effeé¢t in their research on flat plates, it was
suggested by TPaylor (referemce 4) ‘that the curvature ef-
feot of the Clausers could have been influenced by the
initial setting of the. plate,. "

This criticism was aggravated by “the fact that in
the investigation of the Clausers, ‘only concave and coavex
curvature had been investigated,.but no measurements of
the transition-on a flat plate hgq been carried out,

The unpublished research conducted by A. C. Charters,
Jre,0f " C.I,T, during 1938«39 was' mainly undertaken t¢ check
the validity of this criticlsm. A detailed.discussion of
the main results of investigations by the Clausers and
Charters 1s given in a later part of thie report. The
general result of Charters! investigation was that the angle-
of~-attack effect did 'not account for the results found by
the Clauseras. Attempts to clode the other gap in the Clausers!
experiments, namely, the investigation of flat-plate flow
under the same conditions as the flow past the curved sheet,
met with consideradble difficulty which forced a postponement
of the further investigation of curvature effeect in order
to allow for a separate investigation of flat-plate flow
(reference 5).

A new attempt to determine the effect of curvature was
started in 1940, The present report presents the results
of this research.

The theoretical aspect of the influence of curvature
on transition is closely interwoven with the theoretical
aspect of the whole transition problem. Transition must
be brought about by some instability of the laminar flow.
Investigations of the stability of laminar flow with re-
spect to small perturbations of varlous forms have been
carried out by a number of investigators. It appears thaet
there exlst two distinctly different types of instability
of laminar motion which may be termed (1) fdynamic,” and
(2) "viscous" instabilitys '

(1) ¥We 6all a motion dynnamically unstable if, under
neglect of the viscous forces, smanll perturbaw




- t4ons of the mean velocity profile 1inecrease
with time. To be sure, this-includes flows
which can only exist in viscous fluids; as a
natter of fact, in most cascs viscosity is
necessary to produce the mean veloclty profiles
involved. Such &ynamic instability has been
found, for example, in the case of rofiles
with infleotion pointe (references g and 7) and
in certain problems of curvod flow (refcrences
€, 9, and10). In general, if tho viscosity
1s taken into account in such cases the influ-
ence of viascosity narrowe the range of Reynolds
pumboer in which instadbility dccdirs. In othor
words, the viscosity has the offoct of decroas-
ing the instabllity  -of such flows. ’ ’

(2) There are, however, cases where tho influenco of

! friction on tho porturbation is Just thoe op-
poslte. The viscous forces here aro osaontial
to bring about an esnergy transfer from tho mean
motion into the perturbation motion. If the
viescosity 1e neglocted, the flow-1s found to bo
perfectly stable. The host importent case of
stability of the boundary layor of =a flat nlate
belongs in -this clase (reforcnces "lland 127).
The Blasius layer was found by Tollmisn (refer—
ence 11) to be sthoct to this type of visoous
instability.

Tho reosults of such investigations of viscous insta-
bility, which were mainly advanced by tho G8ttingon group,
d1d not, howovar, meet with universal accoptance, - Tho
roason for this 1la found in tho lack of experimontal ovi-
dencoe - ospocially in the cass of tho flow along a flat *
pPlate -~ And also in the mathomatical and phyeical not-
quite-convineing assumptions and methods of approximation
used in these tkeorles.

On tho othor hand, tho rosulte of the thooretical in-
vostlgatlons rovealing dynamic instabilities have ‘bsen
gonorally. acceptod. Theorles of boundary-layer traneition,
bnsed on the assumption that finlts extornal influoncos
such as turbulence or an adverse pressure gradlent change
the mean veloclity profile to = dynamically unstable fbrm,
woere therefore proposed. This point of view was sspeclal-
ly advanced by 6. I. Taylor (reference 4).

. The influence of curvature on boundary-layer transi-
tion belongs essentially in the class of dynamic instadlility.
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As 2 matter of fact, i1t was predicted that the centrifugal
and Corlolls forces should produce stabllity and instabll-
ity ranges of the same general character as are observed
in the case of rotating cylinders (reference ).

: The recent dlscovery of the sinusoidal boundary-laysr
oscillatione by Sohubauser and Skramstad (referemce 14) at
the Natlonal Bureau of Standards and the investigation of
the behavior of these oscillations gave the first clear
experimontal cenflrmation of the Tollmien and Schlichting
theorles of viscous instability. This oxperimontal result
decisively influenced the approach of tho entire transi-
tion problem, Owing to the exchange of progress roports -
through tho NAOA - botween the N.B.5. and the GALCIT, the
auther was fortunate in having advance knowledge of theso
investigations, and the research program was strongly in-~
fluenced by this most lmportant 1interchange.

The results presented in this report show that tlre
character of boundary-layer transition at a convex bound-
ary 1s the same as on the flat plate. The parametors of
the laminar boundary-layer oscillatlone agree with the re-
sults of Schubauer and Skramstad on the flat plate. A
glight stabllizing effect of ccnvex curvature 1s barely
noticeable in the inveetigated range and 1ie of no practi-
cal importance. OConcave curvature, however, was found to
have a strong destabllizing effect, in agreement with the-
oretical expectation, regarding a dynamic 1instadllity
due to centrifugal forces. The present investigation
gives a general survey of this "concave' case, although
the results are not quite so complete as in the case of
the flat plate and convex walls.

Thie investigation, conducited at the California In-
stltute of Technology, was sponsored by, and conducted
with financial aseistance from, the National Advisory
Committes for Aeronautice. Dr, Th. von Kdrmdn and Dr.

C. B. M¥ilikan supervised the research. The author wishes
to exprees his sincere appreciation and thanks for thelr
encouragement and advice.

Mr, Carl L. Thiele and Mr. Stanlqrcorraion'a-cooper-
ation and Mr, Phillip Johnson's assistance during varlous
parts of the investligation are gratofully acknowledged.
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II. SYMBOLS

Paom . The boundary surface is
) . - represented Ly y = O.
orthogonal coordinates The X axis points.from
. - the -leading edge 1n the
direction of the main flow
redivs of chrvabure .of the boundary' ‘surfabe ~
local. mea.n' veloclty

mean velocity of the free stream

components of the velocity fluctuations in'xy'y,
and z dlrection o

root mean square of the relative velocity fluctuation

kinematic viscosity.

Blasius!' nondimel.lsion.gl para:ne{:er e
boundary-layer thicimess

nomentum thickness of the boundary layer
displacement thickness of the boundery layor

Reynolds number

; Reynolds pumber hased on x, ¢, end 8*. respectively

Reymolde mumber of ﬂm ‘transition polnt

-~

of the Tollmien-Schlichting weves

of the Taylor-Gortler vortices

r=20-foot plate, r=30-inch plate = plates having 20~foot and 3C-inch

radlus of curvature, respectively



IIT. APPABATUS AND METHODS

“1. %The Wind Tunnel-

Figure 1 shows ‘the 'wind tunnel especlally built for
for this research. %The comswhat unoonventional design is
due to the following requirementah

(a) mhe tunndl: should pOaseas tept sections of vari—
ous’ curvatures which are eaaily 1nterchangeable

(b) The test ‘soctions’ mubt. have a large aspect ratio
(8:1) 1n ordbr -to prevent secondary flow in
the turved sectivns..

Because of those reasons a pressure»type tunnel was
chosen by _the Clausers (reference 1)' and -the 'general lay-
oul c¢f the present tunnel resomblea very much that de-
scribed by them. Thke prossure in the tost rsection of a
tunnel of the type shown iIn figure 1l cen be adJjusted by
means of flaps and screens at-the diffuser exit. Thus
the test section can be operated without large pressure
differences acting on the walla. This ls an ossential
20int for the construction of blgh and narrow teet sectione
as employed 1In thie investigation.

The tunhel 1s operated by a 62-horsepower stationary
natural-gas engine which drives two 8-blade fane. The
speed is remotely controlled by means of a small eloctric
motor which drives the throttle through.a gear and lead-

.screw system.  Thid gas engine was chosen as a result of
financial and elsctric power considerationa. and hae proved
very .satisfactory. “The velogity raunge of the tunnol is
abaut 5 to 40 metors per second,

Wt e
It- -

2. anbulence Level

The turbulenca level in the test section of the tunnel
18, controlled by two screens mand one honeycomb followed by
.a "10:1 contraction (fig. 1). The scrsens are. seamless
precision screens; 18 inesh pekr inch. wlre diameter 0.018
inch. The honeycomb consisté 6f some 6000 paper mailing
buﬁes. 6 inckes long and 1 inch in dlameter. The main tur-
bulence-controlling device 1ig actually the screen farthest
! _ downstream, -The honéycofb and first screen soerve mainly to
emooth the very irregular flow entering the settling chamber.




The turbulence in the test gection was found to be

E: = 0.06 percent

L ] ' 1 '
L =¥ =0.12 percent
u u

At the highest obtainable speeds the-value of wu'/u was
found to increase to about 0.09 percent. Correlation
measurements showed that the correlation function for the
tunnel turbulence d1d not resemble an exnonential func-
tion as in the case-of isotropic turbulence. The correla-

u,'! uy!

. was found to drop over a
‘JE{ _a ‘J‘T; 3 - .--.

distance of about 1/4 inech from 1 to about 0.7 but from
then on decreased very slowly over a distance of 2 inches
to about 0.5, - ' '

tion coefficlent

This shows that thé turbiilence in the free stream is
quite different from isotrovic turbulence.: Thig in
agreement with the results -of Schubauer and Skramstad (rof-
erence 14), which showed that a large part of the tunnel
turbulence at low levels conslists of sound. 'The "scale'
of this pseudoturbulence is evidently very large.

3. The Test Sections

The tunnel possesses three interchangeabdle test sec~
tions of different curvature: r =, r = 20 feet, r =
30 inches. The helght of the sections 1s 5 feet; the
length, 7 feet; the width, 7.5 inches. The construction
is essentially the same for the three sections. They con-
sist mainly of three plate-glass plates of 1/U~inch thick-
ness., Two of these plates form the walls of the section;
the third plate, det in the middle of the section, forms
the test sheet. In the case of the curved sections, the
radius of curvature given 1s the one of the test plate;
the walls form concentric cylinders,” The leading edgei of
the test plates are ground and polished over about a 23—
inch length to a leading edze of 1/32-~inch radius of curva-
ture, - . . '

The side plates of these sections can be moved out and
in at both the tralling nnd leading edges and the test plate
can be rotated about a nivot situated in line with the lead-
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ing edge. Pressure gradlent and angle of attack can thus
be adjusted within fairly -wids limits.

4, Traveraing Heohaniam

Tarlier inveatigations have ahown that for a. complete
investigation of the. beundary 1ayer and of transitdon, a -
continuous traverse with the mesesuring instrument a1ong
the plate (in xz-direction) and normal .fo the .plate (in y-~
direction) is 7very.essential, ' The narrow test sections,
which leave on toth eides -of the test plates channels only
3% inchesd wide and, in additiocd, the ‘curvature off the sec-
tions, made a contxnuous traverse difficult. The con-
structien of the traversing mechanism is therefore pre-
sented 1n some detall:

Figure 2 shows the general scheme of the arrangement
drawn for the sectlon.with the largest curvaturze (r =
inches). The ‘actual track mechanism, whick has to Dbe
rather heavily buillt, is removed from the test section into
the diffuser. A framo formed -of heavy streamline steel
tubing slides in tracks running along the top and bottom
of the diffuser. .This unit is propolled by msans of a
chain and sprocket driven.ty a reversible-cpesed direct-
current motor by remote-control. The measuring instru-
ments = hot wires, statlec tubss, and so forth -~ are mount-
ed on small carriages of the type shown in figure 3.

These carrlagenr are guided along the plate by long arcs
extending from the steel frame in the diffueer into the
test section. Thege arms are made of dural tubing in par-
titione connected by brase hinges to allow the carriage to
follow the curvod plate. - The number of partitiones was
four for the r = 30-inch plate, two for the r = 20~foot
plate, and ‘'one for the flat plate.’

The carriages are held on the test plate by means of
a spring-loaded lever presslng agalnst the ‘wall of the
section, This arrangament made 'possible a continuous trav-
erse in the x~direction of abouv 6 foet. To. traversge.
acrose-the boundary layer in thé y-direction, the instru-'
ment on the- carriage can.be tilted by means of a . micrometodr
scrow which, in turn, i1a operated by maang af.a flexible
shaft running alongside.the arm (fig. 2) to a -small revers—
ible-spved-electric motor mounted on the track in the dif-
fuser. Thus, a contlnuous travarse of about 24 inches nor-
mal to, the plate 1s accomplished. .. : ' -
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The x and §y positions are read through the glass
wall on a paper scale giving the distance from the lead-
ing edge, and on the calidbrated micrometer screw on the
carriage, respectively. .o b

In the g-direction the arm can be set discontinuously
by moving the clamps which fasten the arm to the steel
frame in the diffuser, TFigure 4 shows .the r = 20-foot
section with the traversing arm in the forward position.

This tyne of traversing mechanism worked very satis-
factorily, both for the concave and the convex side of the
plates. Since the main unit is mounted in the diffuser,
only the arms have to be replaced when changinp to another
test sectlon,.

Sa4. Hot=Wire Apparatus

Fot wires have been extensively used in this investi--
gation. All velocity profiles and, of course, all meas-—
urements of fluctuations were made wit:r the hot-wire ane-.
mometer. The determination of the transition nolnt was,
in earlier mensurements, made by means of the surface-tube
technique, but in later measurements a hot wire was em- .

ployed.

The hot-wire equipment can be split up into the hot-
wire anemometer propmer, the electrical apparatus for mean-.
speed measurements and, finelly, the anparatus used for
the study of velocity fluctuations,

(a) Hot-vwire anemometer.- The hot wires used consisted
of platinum wire 0,0005 inch and 0,00024 inch thick far
mean-speed and velocity-fluctuation measurements, respec-
tively. The platinum wire was always soft-soldered to the
tips of fine sevwing needles. The silver cover of the
0.00024-1nch wire (Wollaston wire) was removed. before sol-~
dering the wire to the needles. The hot-wire holders con-
sisted of ceramic tubing (so-called Stunakoff tubing) about
5 inches long., This tubing is availasble with either two
or four holes - the diameter being about 0.lY-inch and 0.3- -
inch, respectively. The needles were soldered to copper
wires vhich were cemented into the holes of the ceramic
tubing. A holder of thils type is seen in figure 3.

The wires used for measuring mean spmeed were gener--
ally about 3 millimeters loxg; veloclty fluctuattons par-



ellel to the meahr fiow “(uf) ' ‘wers.meameurdd With & eingle

wire -adout 2 millimeters long; fluctuatlons normal to the

mean flow (v', w') were measured with two 3-millimeter

long wires, mounted in x form. ‘The- wires were mounted in

two parallel planes ‘&8 clope t.ogether as posaible. The

angle between the wires was between 60° and 80°; the an-
8 wi;h the direction of the wind was. thérefore between

and 40 i - t, )

(v) Egﬂinmgni_ﬂg; mean-gpeed mgggurgmggtg.— Fdr Hoss~-
uring mean speed,.both the constant-current and the oon-
stant-resistance methods were employecd. Thege methods are
desoribed 1n the literature (for example, reference 15).
Generally, the constant-reslstance method was preferred,
owing to the constant sensitivity of the wire throughout a
velocity profile, which permitted ogeration of the wire
at rather low temperature (about 40° C above air tompera-
ture)., This lessens tho errors intrpduced by cenvoction
currents and heat loss to sollid boundarises. The measuring
instruments conslet mainly of a Wheatstone bridge for meas-
uring the reslstance of the wire, - and a potentiometer for
measuring tho current through the wlre or the voltage
across tho wire. Thie mean-spoed apparatus is made up of
two idontlcal clrcuits which, with the nocessary switch-
ing devices, allow the operation ef two separate hot wilres
and the mcecasurement of the sum or the differonce oif tke
voltages across the wires. The apparatus, together with
the amplifier described in the next goctlion, 'is bullt in
one largo stecl cadinet to avoid external olectrical dis-
turbance.

The whole apparatue ‘wae designed and built by Carl
Thiele.

(¢) Apmaratus for turbulonco investigation.- The main
part of this equipment conslsts of an alternating-current
amplifier to amplify voltage fluctuatione across the wiros.
Tha_amglifier used had & frequeney roesponse uniform within
about I3 .percent from about- 6 to 9000 ¢¥cles per second.
For the campensation of the time lag of the wire, an in-
ductance oircuit with variable ccmpoensation resistance 1s
provided. Tho output of the amplifier is measured by
means of a thermocouple and wall galvanomoter. The whole
unit is battery-operated to lossen the pickup from exter-
nel dleturbances. The time constants of the wlres were
detormined by the electrical-oscillator mothod (reference
15 j, largoe chokes in tho heating circuite of the wires
nssure constant-current operation.
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Auxiliary equipment includes oscilloscopos, sound an-
alyzer, ‘oscillator, an electrnnic switch to allow obser-
vation of two eslgnals with one oscilloscope and, finally,
a frameleés General Radlo motion-nicture camera for photo-
graphing oscillograms. . : .

6. Measurement of Pressure Distribﬁtion_
Angle of Attack

.The pressure distribution along the plates was meaﬁured

with a small estatle tube made from a hypoderamlc needle.
The tube was mounted on the carriage at- o distance of about
1 centimeter from the boundary, and the pressure along the
plate was measured at thig constant distance. It was soon
found that the pressure alcang the nlates was not uniform
. but showed lrregular maximume and minimums. The setting

-0f the walls ilmproved the over-all gradient dut did nct re-
.move the wavinees of the distribution. TFlexible walls on
the top and the bottom were tried bdut showed little .effect.

:- It was then conclnded that the "waves$ in. the distribution

were due to local changes in radius c¢f curvature .of -ths
test plate. Thlis was confirmed by comparing thed presgure
‘diptridbution on both sides of the plate and by observation
of the distance of a hot wire from the plate set very close
to tpe boundary and moved along on the three-~legged car-
:riage. This-variation in radius of curvature limits the
accuracy wlth which the pressure gradient can be "set. to
gsero, As.expected, this offect was largeost for the sharply
curved plate. It 1s believed, however, that the residual
pressure gradlents did -not appreclably aTfect transition.
The pressure distributions for zero-gradlent are’ shown 1n
figure 5. :

In all measurenents on the curved rlates,_ the angle of
attack was get to a favorabdle valuoe:; that 1e, the stagna-
tlon -point .was put 6n the investizated side of the test
plate. During the investigauions of tha flat .plate, 1t was
attempted to set the angle of 'attagk to gero by measuring
elrMultaneously on both sides of the plate. The setting of
the stagnation point determines naturally the pressure die-
tribution - over the first few lnclhes of the plate.: 4 dils-
cusslon of.thle éffect-in connection wlth the results ob-
tained by the Olausers 1s° given later on.
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7. Dotermination of the Transition Point

Tranaition wag determined in earlisr measurements
with the surface-tube technique. (Bee, for example, ref-
erence 5.) ~.Thie teolindgue -uses essentially the differ-
ence in-veldclty cleme to a solid wall in a lanlnar and a
turbulent-layer to detarmine .transition. 'Ldater, visual
obeservatlion of velooity fluotuations ‘meagured’ by & hot
wire on the' screen of -a.cathode-ray chilloscope wds ap-
Plied to determine transition. Thil method uses,; essen-
tlally, "the fatt that..the-flow 1ia. the transltion reglion
alterdates. between a laminar (Blasius) and a turbulent
(v. E&rmén) profile. -Bhis causes large sudden veloelty
changes cloBe to the plate ~ the ao—called turbulent
bursts. The first appearance of thesse. bursts was: taken
as the trensition criterion. The 1ocations of thé transi-
tlion points determined.in this manner agroee satlesfactorily
with points measured with the surfage-tubo technigue, °
where the minimum head (i.e., shear) 1g taken as trensition
criterion.

IV. INVESTIGATION OF THE TLbW ALONG A FLAT PLATE

Before. any attempt to determine the effect of curvature
on trangition was made, the flow along a flat plate was
investigated.

The purpose of thils lnvestligation was:

(a) To determine whether a stable laminar boundary layer
with a clearly defined tranasition point could be
obtained in a tunnel of the type shown in figure 1
(Ae mentioned -before, it was found difficult to
determine tranasition on a flat plate in the tun-
nel of the Clausers.)

(b) To determine the ﬁpynplda number of transition at
gero.pregsure gradient for thle limiting case, r=w

(c) To develop the necessary technigue for the investi-
gation of the effect of curvature on transition

1. Mean speed distridution in. the laminar boundary layer
was measured with the hot-wire anemometer using the constant-
resistance method, The result is shown in figure .6.

The agreement with the theoretical Blasiusg--distridbution
1 very good. ' The wires were operated at low femperature
and the heat loss toward the glass plate 1s seen to be neg~

. ligidle, since even the points closest to the plate do not

show any marked deviation toward higher velocities.
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2. Transition Point

The transition point was determined by means of the
surface~tube technique. The pressure gradlent was set as
clese to zero as poesible; flgure b6 shows the actual pres-
sure distribution along the plate.” The angle of attack
of the plate was set mso that transition sccurred at about
the same distance from the leading edge on both sides of
the plate. The measured Reynolds number of transition
basged on the distance from the leading edge was about
2 x 10° Measurements with a "stablo" .angle of attack -~
that is. turning the etagnation point en the investigated
slde gave a2 Reynolde numbsr of about 2.5 X 10°. The pres-
sure gradient in this latter case, however, was slightly
-favorable and the increase 1ln Reynolds number of transi-
tlon 1is therefore possibly not due to angle-of-~attack ef-
fect only.

These valucs are somowhat lower than Schubauer and
Skramstad's results (roference 14) for the same turbu-

100,/ut? + vi® + w13

. q/3 u®
of the free-stream turbulence of the present 1nvostigation)

Schubauer and Skramstad glve: Ry = 2.7 X 108 4 possldle

explanation fer thie discrdpancy is given in a later part
of this report.

= 0.11 (the value

lenco level. Tor

3. Velocity Fluctuations in the Boundary Layer

The velocity fluctuations, ospecially in the laminar
beundary layer and in transition, were studled in some de-
teil. All three components of the fluctuatione have been
neasured, The results are -shown in figures 7 and 8. The
resultes of thle Investigation do not now seem to be of as
great interest as was thought to be the case when these
measuroments were carrled out. This 1s due to the discov-
ery of the laminar boundary-layer oscillations which will
be discussed In a later part of this report. Only tho
main conclusions, therefore, are glven hero:

It 1s geen from figures 7 and 8 that, in the laminar
layor v''and w'! - that is, the fluctuations normal to
the mean flow - are of much .smaller amplitude than is u!.
With increasing Reynolds number, u', v', w' 4increase in
the laminar layer, keeping about the same ratio of u':wi!:v',
In the fully developed turbulent leyer, 'the values of
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v!, w', and U' are of the same order. The large fluctua-
.tions occurring in the transition region 1tself have to be
considered separately, sjnce the larger part of these fluc-
tuations 1s due to & sudden change 1n mean speed rather
than true random flppﬁuatibpp'gbout a mean value, PFigure

9 1llustrates the E—l) velocity fluctuations .which may

be expected to occur in the transition region: The mean
velocity distribution alternates between a lamlinar (Blasius)
profile and a turbulent (v. Kdrmén) profile, The velocity
close to the wall will therefore suddenly rise from
(W)1aminar t0 (Wgurbulents ~ 4rov again to (W)iaminar:
and so on. The veloclity close to the outer edge of the
laminar layer doea the same, but the phase 1s reversed
since here (see fig. 9) the turbulent profile gives a
smaller velocity than the laminar profile. This exnlains

the two maxlmums found:- in the %l- distribution by some

investigators (references 16 and 17). Figure 10 shows an
oscillogram of these fluctuations observed near the wall.
The one-sided character 1s clearly seen. These turdbulent
bursts are typical of tramnsition and 1n later investiga-

tions transition was often determined by their appearance.

V. EFFECT OF CURVATURE ON TﬁE TRANSITIOR- POINT

The effect of curvature on the transitlon point 1s
presented here, before a dlscussion of the laminar boundary-
layer oscillations is given. This cholice was made as a re-
sult of the belief that the basic conceptions of the in-
fluence of ocurvature on transitlion, which led to this in-
vestigation, should be outlined first and compared with
the results of measurements of the transition point by
conventional methods. The investigation of the laminar
boundary-layer oscillatlons required a quite-~different
technique, and the scope of this second type of raesearch
ie rather different from that originally planned.

l, Effect of Curvature on the Mean Flow
An the Boundary Layer

The Iavier-Stokes equations for two-dimensional mo-
tion are:

Su du - _19% r_n Q_?J; '
'u.ax+1ray 53 +u1 + (1a)
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The theory of boundary-layer flow assumes that the
thickness & of the layer in which the viscous-and iner-
tia terms are 07 the same order 1s small compared with
the length 1 of the layer measured from the stagnation
point. Thus, .o St .

3 1 o 1
3z 1. 355" %
and

_ 8
R

£l4

Feglecting terms §/1 and higher, the boundary-layer equa-
tlion results from (la)

du, 3w _ _1lap, 2w 2)
uax.-l-vay—_pax.-l-v—a—yg (

sinco the balance of viscous and lnertias forces in the layer
requires :

2
6 .~V

A1l volocity terms in (1b) are of the order 68/1 or higher;

hence 1t follows:
g_P.,_S_
y .1

Consequontly, the pressure gradlent across the layor for
plane motlion is of the order &8/!, and therefore its influ-
ence on the mean speed distridbution neglected. The experi-
montal vorificatlion of the computed velocity profile in

the case of the flat plate proves thesoc assumptions to be
Justified. .

If curvature of the surface is taken into account, it
follows that the pre¢ssuro across the boundary layor 1s no
longer constant dbut that there must exist a pressurc gra-
dient to balance the centrifugal force. If x donotes
tho elrcumferontial coordinate, y tho normal distarce
from tho curved enrface, u and v the cilrcumferential and
radiel velecity componoents, rospectively, the boundary-
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. layer equation remains, in firet approximation,* unaltered.

But there appears a second equation, glving the balance
botween contrifugal forces and pressure gradient across
tho layer:

2
pu® _ IgB _[+ for concave boundaries (3)

|r| \~ for convex boundaries
-'-- '\

Hence there now eximts a differenpe of preasurb in the- = .-
boundary layer normal to the mean flow ‘of the order-

AD_.

L. 8 )

Thie phows that.the effect ¢f curvature should depend on
the parameter B8/r. Since 8 18 a function of the veloc-
1ty U, +%he parameter .can be changbd at a given radius of
curvature by varying the speed. This makes an investlga-
tion of the effect of curvature over a wide range of &/r
with a limited numbor of test plateg possibls. 4s a prac-
tical parameter, &8 1s nok particularly sultable since

8 1s relatively indefinite; &8 18 therefore replaced by
elther 6%, -the-displacement thiockness of the boundary
layer, or by -“d%,.. the moméntum thickness of.the layer.

The a;périmental check showed that the influence of
curvature on the mean weloclty profile was negligible
throughout the investigated range - that is, up to

s = 0.001l. The velocity profiles, measurod on the curved
plates, azreed very well with the Blaslus distrlibution

for the flat plate. Hence, in all computatlons the veloc-
ity profile is taken as tke Blasius profile. Momentum

and displacement. thickness voro thus takea as:

1
- -

_: el 2 4/__
1.73ff%§

2. Effect of Gurvature On Boundary-Layer Transition

A

The following conaidemation of the gtablllity of curved
Eounqary-layer flow ig duu 40 Rayleigh (reference 18) ‘and

6*-

rh the'radius of curvature. 13 assumed to be large com-
pared with 8. .. - : .
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Prandtl (reference 19)., Consider a particle of fluid in
the boundary layer haviing a velocity uo. The equilidbrium
condition (eguation (3)) gives: .. .

R )

'If this particle 1s displaced from its original position
in the § (or r) direction, it enters -a layer in which
the veloclity 1s, say, uy, apnd therefore

pua® _ 4 éf\
|z | v/,

during this motlon the particle has to conserve its angu-
lar momentum <wu.r.’” For small B/r. r can be assumed as
constant throughout the layer. Hence, u = u,. Consider

first the concave side of the plate: If the particle is
moved outward from the wall .

Pu12> pug?
=i A=

Hence, the centrifugal force acting on the disnlaced parti-
cle 1s less than that acting on the surrounding fluid, and
under the influence of the pressure gradient the varticle
tends %o move further in the same direction. If the parti-
puy®  pu,
>
Ir| |rl
_again the tendency to continue in the same direction, that
1s, the flow appears to ' be unstable, On the convex side
of the plate, the same considerations show that the flow
should be stablliged. Based on thls consideration, tran-
sltion wvas expected to be delayed on the convex aside of a
curved sheet and precipitated on the concave side. It 1s
interesting to note in this connection that the flat-plate
boundary layer has to be considered slightly convex curved
since the second-order pressure gradient across the layer 1is
equivalent to a slight convex curvature.

/- %) .9 v 98
r 9x u Ox x

¥ow for the Blasius layer:

8”.,/’5
U

and .the particle has

cle is diaplaced inward
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hence

{1 1 (5)
b 4

.H

1 : ' ..
R, _ N (6) .

Hio
?

The experimental results of transitlon measuremenis
on the convex and concave sldes of the r = 20-foot plate
together with the results bon the flat plate are presented
in figure 11, The Reynolds number of transition Ro .

- . ' tr
based on the momentum of thickness 9, 1s plotted as
function of 3/r. Negative values of 5/r correspond to
concave, posltlve values to convex curvature,

It is seen that the Reynolds number of transition on
the convex side of the =r = 20-foot plate does agree,
within the experimental scatter, with the result found for
the flat plate,

Concave curvature is seen to have s marked destabilliz-
ing effect on the boundary layer. The values for 30
. tr
found on the concave side of the r = 20~foot pPlate are
considerably lower than the values for the flat plate and

decreas® with increasing %.

The transitlion polint was then investigated on the con-
vex slde of the r = 30-inch plate at different free-
stream velocities and thus at different values of d/r.
The values of -4/r which could be reached in this way ex-

tended from 2 = 0.6 x 10~3 to sbout 2.0 x 10~® ; -that
is, they are about one order of magnitude 1arger than
those obtainable with the 20-foot plate (fig. 11). The
firet measurements led to the surprising result that the
Reynolds number of transitlon decreased from a -value of
By = 22 X 10° at the smallest value of 9/r, to about
0.5 X 108 at the highest value of @/r.

Although .the highest transition Reynolds number thus
found corresponded very well to the measurements on the
flat plate and on the 20-foot plate, the sudden decrease
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in Reynolds number was suspected of being caused by an in-
fluence other than the curvature. ©5ince the lowest values
of the critiecal number were measured at the lowest speed
and thus at the greatest distance from the leading edge of
the plate, an influonce of the spreading of turbduloence
from the turbulent boundary layer on the outor (concave)
vall inward toward the center plate was suspected as the
factor causing the early transition at low specds. Moas-
uroments of the turbulenco levol close to the edge of the
laminar bourndary layer of tho center plate showed that
this assumption was correct. Flgure 12 gives the roesult
of this survey. Tt 1s ssen that the turbulence level

u'/U is noarly constant and oqual to the normal free-
stream level of about 0.06 porcont up to x = 60 centlme-
ters. TYarther downetream, tho turbulenco level increases
rapidly to a-value of 0.75 percent at x = 135 ceontime-
ters, This increaso in turbulence lecvel 18 certalnly
largo enough to decrease the value of the critlcal number,

An nt'tempt could bo made to correct these transition
measuroments by using the results of the N.B.S5. on the in-
flusnce of the free-stroam-turbuience level on the lcca-
tion of the transiti-~r ‘point.” Such a correction, however,
is rather doubtful for the following reasons: The meas-
urements at the X¥.B.S, were made with a turbulence level
very nearly constant along the leminar boundery layer from
the leading edge to the transiticn point. In the curved
tunnel, the boundery layer 1s influenced by a turbulence
level which 1s constant up to a certain distance from the
leading edge and increcases steadily thereafter. Further-
more, the spectrum of the turdbulence will have a certain
influence and it 1s therefore not:cortain 1f the N.3.S5.
results are directly applicable.

It is believed tkat the measurements up to about
= 0,001 are not apprecladbly affected by thls spread of

turbulence. The combined resulte of the measuremente on
the flat plate, the 20-foot, and the 30-inch vlate (up to
% = 10 °) are plotted in figure 13. Oonvex curvature

hdas' apparently no appreciable effect on the polnt of tran-

sition from the laminer to the turbulent stete of the
boundary layer.

Hle

The epread of.turbulence from the boundary laysr along
the concave wall 1s 1nteresting and worth an investigation,
especlally since this problem wight occur in the design of
¢clossd return low~turbulence wind tunnels.
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The influence of concave curvature is in agreement
with-the consideration of Raylelgh and Prandtl, dlscussed
above, This result, togethér with the lack of any sta— -
biliging effect of convex curvature, suggests that the
mechanism of transitién is thé pame for thé flat plate and
the convex curved surfaces, but different from the mechan-
lsm leading to trandition on concave surfaces. That the
boundary layer on the flat plate does not represent the
exact limit between concave and convex curvature, but is
to be conslidered as slightly convex, was pointed out above.

This consilderatlon leads lqgically to a more detalled
investigation of the mechanism of transition.

'YI. BOUNDARY-LAYER STABILITY
1. Theoretical Disbussion

The question as to the stabllity of a given laminar
velocity distribution is one of the most important and,
nathematically, most difficult problems in fluid mechan-
ics, To treat the problem analytically, the following
assumptions are generally made:

(1) The mean velocity wu 1is parallel to x and is
only a function of ¥

(2) The perturbation velocities u', v', and w! are
considered so small that squares and higher-
order. terms of u'/u, and so forth, can be
neglected

Since assumption (2) leads to linear differential
equations, u', v', and w! can be chosen as simple func-
tiomns. (for example, harmonice) and the general perturba-
tion can be built up as the sum of these simple functlons.
If the motion is found to be unstadble - that is, Lf =u!?,
v!, and w! increase with time, the theory can only be ex-
vected to hold for the initlal state; that is, as long as
u', v', and w! are so small that the linear approximation
(2) 1s apnlicable. Hence, a theory based on the above
assumption 18 able to predict the breakdown of laminar
flow but not able to give the development of turbulent
flow, since this involves a change in the basic profile
and represeants, therefore, a nonlinear phenomenon.
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In connectinn with the curvature effect on tranaition.
two types of perturbation fluctuaﬁions which have been’ the-
oretically 1nvestigated are of main intereet. b .

(a). The tuo-dimensionai perturbation given by the
) strean function . . I

_'ﬂl(‘x,y,-t) ='¢>-(y)'ei(a'x"ﬁt) . ,(8)‘
where a. is taken aS'erl;_’é:'aa complox, B = B, +‘iBi
(b) The three-dimeneional perburbation given by:

¥, (y): cos (ak) Pt

[~
1}

'
i

t.Ya(Y) cos (az) eﬁt .o T ':(9).:
w' 5 Yg(y) sin (mz) oft '
where both -a and B are real uuantities

(a) Ueing the assumptions {1). and (P/ and the two-
"' dimensional perturbation (8), the Naviar-
Stokes equation can be reducsd:tOntha 80—
called Sommerfeld equation ' .

(u-c) (p"-a ¢).-.u"¢'= -'%g (7 - 2aa¢" + m) (10)

wvhere the redl part of ‘¢ = % is .the. phase velocity of

the "wave" (equation (8)).  The determinntion of @ from .
equation (10) for a given U(y)  and given boundary con- , .
ditlions i only poasible for certain values of &, ¢, and
a characteristic Reynnlds number of the problem. The sign
of the imaglnary part of thess'bigenvalues"for deter—
mines whether the perturbation is nositively -or negatively
damped, since

Bp +:131 = a (ep + 1cy)’

hence _
Wix,y,t) = o(y) o0l glalx-crt)

It is seen from equation (10) that for large values of
Reynolds number, the right side of the Sommerfeld equation
becomes very anill, Eence, in the limit R—>® tLe fric-
tionlese perturbation equation
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(u-c). (p"-a’®) ~w"@ =0 . Q1)

demalfad. = T Tiie o "?: | : - : |
Ezpertmenﬁal-€videﬂc6,ahowé-thaﬁfinétﬁﬁalitg of lami-
nar flow can only be expected for large Reynolds numbers.
Bince a general solutlion of equation 10),1g diifgonlt.
the method of solving the "eigenvglue“'pfoblem:ie to seek
asymptotic Solutidns of equation (10) for largé R. IEqua-
tion (11) can be taken &s limiting case for R—>o, But
here there ooccurs a.diffioulty due to the f%ct that 1in

equation (11) the term ‘of highest:order @ is neglected.
Honce 1t has to be shown that solutions of equation (11)
correapond to true-ahymptotio solutlods bf'equafion'(lo).
Furthermore, it c¢an be generally ehown thdt the phase ve-
locity cp 'Is always smaller than the maximim value of’
u(y). OConsequently, there exists a singularity of equa-
tion (11) at the point y = Yo where u - cy= 0 if

u® 5= 0.

In the firet attempts at solution by Rayleigh (refer-
ence §), only equation ?11) was considered. The singular-
1ty was avoided by approximating the profile u(y) by a
polygen. The result of Rayleligh's 1lnvestigation wase that
profiles where u!' changed sign were unstable. BSince in
equation (10) the influence of friction on the perturba-
tion 18 neglected, a dynamic lnetability for certain pro-
files was thus found. Tollmien (reference 7) has shown
that Rayleigh's result was not duoc to the approximations
of the continuous profile by a polygon, and that the
change in sign'of u" 16 a sufficient condition for dy-
namic instability. Hence, profiles where u" changes
s8lgn are always found to be dynamically unstabls.

Prandtl (referenco 20 and Tietjens (reference .21)
investigatoed the influence of friction on dynamically un-
stable profiles. '"'The influence of viecoslty was restrict-
ed to a small layér close 'to solid walls: The profile
was agaln approximated by a polygon. Prandtl and Tiet jens
found that the influence of friction was destabllizing;
proflles found dynamically stable became unstable if fric-
tion was taken into account. The dlscovery of this vie-
cous lnatablility i1es of great importance in view of the
fact that experimental evidence shows that viscoselty is a
declesive factor in the developmont of turbulence. How-
ever, Prandtl and Tiet Jens' result gave instability for
all Beynolds numbers, which does not agree with. experimen-
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tal results. Tollmien (reference 1l) extended Prandtl
and Tlet Jen's work dy considering a continuously ocurved
profile. In this case viscogity has to be taken into ac-
count close to so0llid surfacee and in the neighborhood of
the singularity of equation (11). ' ’

Tollmien investigated an approximation to the Blasius
profile and found inetabllity for a small range of frequen-
cles above a certaln critical Reynolds number. Schlichting
(referenco 12) extonded Tollmien's theory and computed the
amplification, the amplitude distribution, and so forth,
of the "dangerous" frequencies. Tollmion's results were
not gensrally accepted since there was no exporlimental ev-
ldence that frequency and wave length, rather than amplitude,
bring about the breakdown of the laminar layer and since
regular waves, such as should be expected according to the
theory, were not observed experimentally. HTurthermore, ths
method of Jolning the solutions of equation (11) with the
solutions of equation (10) in the neighborhood of the sin-
gularity was coneidered mathematically not convineing.

The discovery of the laminar boundary-layer oscilla-
tiong by Dryden, Schubauer, and Skramstad (reference ),
and the agreement of the medsured characteristics of these
osclllations with the theoretical results of Tollmien and
fchlichting prove the validity of Tollmien's assumptions.
Hence, the mechanism of laminar boundary-layer inetability
on the flat plate can be consldered. known.

The effect of curvature on dieturbances of the form
of equation (8) was thooretically investigated by Schlicht-
ing (reference 22), who considered the flow in a rotating
cylinder uelng the sane genoral method as Tollmien.
Schlichting found a slightly stablliging effect of curva-
ture (only convex curvature was considered) on the viscous
instability. Gbrtler (reference 9 ).invostigated the in-
fluence of both concave and convex curvature on.dynamic
instability with reepect to two-dimeneional disturbances
(equation(8)) He optained the rosult, .that velocity pro-

files where u" + %? changes sign are unstable (r posi-

tivo for convex, negative for concave curvature).

Since for boundasry-~layer profiles in the absence of a
pressure gradient =u" < 0, y' > 0, it follows that a pro-
file which 1s dynamically stable for two-dimensional per-
turbatlione on concave and fla% walls can be dynamically
ungtable on convox walls. This effect, thorefora, ig in
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direct opposition to the simple consliderations of Rayleigh
and Prandtl., (See sec. IV.)

e r

It 1s interesting to note that both Tollmien's crite-
rion for dynamical instability, u" = 0, and Gértler's
eriterion for curved flow, u" + %; = 0, correspond to the

- . Lnge . ’ ¥ I.,. . [
statement that, 1f the vorticlity has a maximum within the
layer the motion 1s unstable with respect to perturdations
of the form (equation (8)).* This. suggests that the dynamic
instablility of the two-dimensional perturbations is due to
vortex forces., It will be seen later that the Rayleigh-
Prandtl consideration agrees with computations regarding
instability with respect to perturbations of the form
(equation (9)). Since the direction of the perturbation vor-
ticity of equation (9) is essentially normal to the mean
vortlecity, little effect of vortex interaction should here
be expected. .

(B) The three-dimensional perturbation (equation (9))
was first studied by G. I. Taylor (reference
8) in his investigations of the flow in rotat-
ing cylinders. G8rtler (reference 10) com-
puted the ‘stability of curved boundary-layer
flow with respect to these three-dimensional
. vortices,

For r >> &, mneglecting terms (8/r)?® and higher,
and neglecting all changes with x, +the boundary-layer
equations and the continuity equatlon become:

§l"+v._a_1_"+wé1_1 = U&I-I-&l
ot oy Oz dy? ds?
v , L ¥, 4w, u? .10 %y . %
ot v 57”+ Y oz * or p O v dy? * dg3

' = (12
By, .13, (2%, 3% ’
3t oy Og p d= dy*® 2ds=®

' é—v._!{-a—w:
oy r Osg

) t
L %? = 0 expresses the condition of maximum vorticity

if terms with 1/r® are neglected, as 1s essentially
done in G8rtler's work,
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Putting
uw = uly) +u'
V=
v = w!

vhere u', v', w' are given by equation (9), and putting
the pressure .

. : - . ) t

P = p(y) + ¥, (y) cos (a®) eB

equation (12) becomes-

' <
a<y
BYy + Ya'%% = E;:l - ¢3*1}
2 av Cra®y,
Br, + Y, S+ Lt - v{d AER mava} . (18)
v
@ a2y, .
BYs - o Yo = V'{E;gi - G 7%}
14y
75 = - —‘d
a ay

Eliminating Y3 and Yt from snuation (13), one obtains

2 .
v g LET (B+va®) Y, = ¥z %% .
- .
oy ; 2y (14)
d a 2
v gt - (B+2we’) 3+ afBrwm®) ¥y - - a1 v,

These simultaneous equations together with the boundary
conditions agaln present an "eigenvalue" prodlem for a, B,
r, and a characteristic Reynolds number. The sign of P
determines stabllity or instability; B = 0O corresponding
to the stabilit,- limit. G&rtler transforms equetion (14)
into integral equations and obtalns the approximate elgen-
vaelues by means of the method of determinants.

The main results of his analysls can be summarized as
follows:

(1) Gurvature and Reynolds number enter only 1ﬁ the

combination -Rg /&
T
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(3) 1Instability - that 18, positive values .for .B -
" afe -tnly possible. dn concave walls. . . -
(3) . Instabilit’y on’ concave wulls' ‘odours above a cer-
Vel oritical value 'of 'Ry jg Jfor a limited
'fankfiaf'yhﬁ parémptg; _ab; that. is, the ratlo
of wave length to boundary-layer thickness.
(4): Géftisr-applies his mo%hdd"to'various-velocity
profiles including the ‘straight-line ‘profile
- and one profile having @ah inflectlon point.
He flnde the 1lnstabllity reglon little af-
.fected. by the shape- of the daslc profile if
,the mompntum thickness 4 1s takep as the .
characteristic length. .’

- G8rtler's ﬁork-dn the stability of boundary layers
with respect to the Taylor vortices (equation .(9.) consid-
ers a dynamic instability wlthout neglectlng viscoslty.
The resulte therefore differ from the investlgations con-
cerning the dynamlc Instabllity of the two-dlmensional
perturbation (equation (8)) of Tollmien's.{(reference 7) and
Gortler's (reference 9 .) extension to curved flow, wnerse
viscoslty 1s neglected entirely and therefore no criltical
BReynolds number obtained. The difference in the role
which viscoslty plays in the dynamic instabllity computed
with inclusion of viscous forces, and in the true viscous
ingtablility of Tollmien, can be seen from the ‘computed
stability limit in these two cases (figs.l4 and 15). For
lncreasing R, G8Srtler's instabllity region increases; ’
Tollmien'! becomes smaller.

¥or -the 1limit -R—>w® Tpllmien's instability van-
ishes; Gortler's, however,‘¢oea'ao@. A very interesting
gnd important theoretical problem would be the investiga-
tlion of dynamic inetabllity wilth reépect to the plane
disturbance (equation (8)) including the influence of vie-
coeity. Lo .

The maln result of Tollmien's theory, which can be
checked experimentally, 1s evident from figure 1l4: Apssume
that - plane disturbance of a glven frequency is exclted
at eome distance from the leading edge of the plate. At a

given mean speed the parameter %%2 and the Reynolds hum-

ber BB: corresponding to f an& x, reepectif&ly. are
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thus given.(fig. 14). Thie wave, traveling at constant
frequency downstream, descrlbes a stralght line parallel
to the  Rg* axis in figure 1l4. The Tollmien theory pre-

dicts that this wave should, decreaae in amplitude from
(Rg*), "to (Bg*),, increase in amplitude from - (Bg*), to

(36"'):5 and again deerease for BRg* > (35*)3

Gortler's vortex theory for concave walls gives an
analogous result. Since in Gortler's theory the wave
length is the characteristic quantity, assume a vortex of
a gilven wave length originating at a point corresponding

to (R, f\ in figure 15. This vortex traveling down-
stream describes the line A~B in the diagram (fig. 15).

Again damping will occur from <F V/;> to adfd\g’

from (36 / the amplitudé will .iancrease till the vortex
r, a

. / N
leaves the instability mone at 'R, /8 .
\ - T/

2. Experimental Results

The dipcovery of .regular oscillations in the laminar
boundary layer by Dryden, Schubauer, and Skramstad gave
the impulse for a closer study of velocity fluctuatlions in
the laminar layer. During the investipation of the flow
past the flat plate, only sovoradic appearances of regular
fludtuations close to transition were observed. No meas-
urements .of 'frequency, and so forth, were carried out. On
the convex side of the r = 20-foot plate. however, the
regular wave was observed without any difficulty. _The
veloclty fluctuatlons for a distance of about 1 foot upstream of
tLe Deglnning of transition had the appeararce of rsgular
sinusoldal weves, Incressing in amplitude downstream.
These fluctuatlions are the "natural" excited boundary-
layer oscillations discussed by Schubauer and. Skramauad
(reference 1W).

These natural oscillations are excited by disturbances
in the free stream. They depend not only on the magnitude
but also on the frequency distributlon in the free-stream
turbulence or nolse level. This 18 probadly the reason for
the diascrepancy between the Reynolds number of transition
on the flat plate as found in this research as compared
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with Schubauer and Skramatad's values for the dame tuzbu-'
...lence level. The freguency digtribution.depend& on ‘factors
like the number of. propaIler blades, the revolutions per.
minute, 'and. so forth, ahd therefore 4%t 1s. very" ‘probable ..
that the distribution in the GALCIT: tunnql ig-quite differ-
ent from the one.in the '¥.H,S.. $unnel. '’ Hencq, 1t - ggems
possible ‘thét transitdon in, the: GALCIT tunnel was precip- .
ltated due tq an unfevoraeble frequency distrtbution in
the external disturbanca level. Spectrums of the.nolge
obtained with a gound-aaalyszer showed pronounced maximums
in the range of dangerous fre¢uencies. - .

‘The frequency of these oscillations could be measured
by analyszing the hot-wire output wlth a sound analyszer..or -
by direct comparison df the hot-wire qutput with .the out-
put of -a calibreted elegtrid- oscillator on the oscilloscope
sereen. .In agreement wilth the X.B.S. results, it wag
found that the medsured frequencies followed closely the
upper stability limit of Tollmien.* To study the charac-
teristlics of the wave more cloaely and to-lnvestigate
whether the astability zone on ‘the convex plats agreed with
the results of the N.B.S. on ‘the flat plate, -several meth-
ods of ozciting the wave artificially were employed. .

(a) A lattlce of from four to0 six thin (0.00S—in.
diameter) wires stretched at regular intervals normel to
the directlon of the flow over the surface of the plate
was first used to exclte the oscllletlions. Very regular
waves could be obtained with this regular roughnesa. TFig-
ure 16 shows some of thgese regular fluctuations excilted
with the wire lattice. The frequency of thesc fluctuations
could be easily measured and compared with Tollmien's sta-
bility 1lidit. DPigure 17 shows the result of these measure-
ments. It 18 seen that all observed frequencles which show
increasing amplitude fall within the Tollmlen—Schlichting
inatablllity zoué¢ or closely beyond the upper limit. In
two cases 1t. was posslble to measure the frequency of a
wave in the stable reglon, that is, a wave which was ex~
clted by the lattice and died out in the stable region;
these two points are marked "gtable" in figure 17.

Attempts to measure the wave length of the wave were
made in the following way: Two hot wires were mounted at

¥A detalled discussioh of these laminar oecillations is
glven in Schudbauer and Skramstad!s paper. Therefore, only
resulte where esither the flow conditions or the technigue
of observation differs from the Schubauer and Skramstad
research are presented in-detall.
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the same distance from the plate (A 0) at a distance

Ay =
.0f 3 centimeters from each other (Ax = 3 cm). One of the
x

wires was held at a fixed dlstance from the leading .
edge (and hence, from the lattice), the other was moved
along on the carrlage. A plane wave travellng along x
should give a definite correlation hetween the output of

these wires, depending on the ratio %F. where Ax de-

notes the distance between the wireas, A the wave length
of the oscillation. TFigure 18 shows two oscillogramse of

the two hot-wire outputs for A)‘.! =1 and A}\E = 1/2. The

" difference in phase 1s clearly visible. This method can

be used to determine the wave length of the disturbdance.*

The method of exciting the oscillation with the wire
lattlice 18 not well suited for en exact study of the sta-
bility 1imit eince the excited frequency cannot be con-
trolled at will. It does, however, show that roughness
elements can excite these plane waves in the boundary layer,
that these waves increase in amplitude when traveling
through- the instability reglon, and that they finally will
lead to transition if the amplification 1ls sufficiently
large. This influence of roughness on transition led to
a somewhat more detalled study of the influence of a single
roughness element on the laminar layer. The results of
this investigation are presented later on.

With reapect to the effect of curvature on trensition,
the results obtained with the wire lattice show that the
mechanigm of lamlinar 1lnstability on the convex side of the
r = 20 foot plate 1s the same as Schubauer and Skramstad
found for the flat plate. TFizure 17 shows further tkat the
stability -limit for the curved plats cannot differ very
much from the limit found on the flat nlate.

(b)) The method of Schubauer and Skramstad was next
ugsed to obtaln more exact data rugarding the stabllity
l1imit of Tollmien-Schlichting waves on the- curved well:

A phosphor-bronge ribbon about 12 inches long, 1/8 iach
wide, and 0.004 inch thick was soldered to thin pilano wire

*It 1s naturally possible to determine the correlatlion
coefficient in the conventional manner by adding and sub-
tracting the hot wire outnuts bofore the amplification.
However, the method here presanted glves a somewhat clear-
er visualizatilon.
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and stretched normal to the flow over the surface of the
Plate. Two paper.spacers about 10 -inches apart kept the

" rlbbon at a distance of a few thousandthe of an inch from

the surface of the .plate. An electromagnet mounted on the
concave side of the plate produced a ‘fairly strong magnetic
field in the center. of.-the ribbon.': The output of an elec-
tricel oscillator was fed over a power amplifier into the
ribbon and thus gave rlse. to forced osclilations of the
ribbon in the magnetic field. ,

The frequency of the ribbon-ezcited boundary-layer
oscillation could be measured in the same way as in the
cage of the natural oscillations and -the waves from the
wire lattice. The wave length, however, could be obtained
in a much simpler way: The outout of the oscillator which
drove the ribbon waes connected to the horizontal; the hot~-
wire output, to the vertical deflectlion plates of a cathode
ray oscllloascope. Hence, the phase shlft between the rib-
bon oscillation and the velocity fluctuation picked up by
the hot wire is a furctlon of the ratio of the distance
Ax between ribbon and hot wire and the weve length A of
the wave. The Llgsajou figure on the oscilloscope acreen
will tkherefore change. periodically when the wire 1ae moved
along =z and repeat itself every time the wire is shifted
one wave length. Hence, the measurement of the wave length
requires only one hot wire and a imeasurement of a length.
1f the frequency f and the wave length A are known,

the iarametere g%i. ad*, %; of the Tollmien-Schlichting

theory can be computed. To coordirate the results with

the instabllity zone the emplification of the osclllation
downgtream from the ribbon has to be investigated. This
was done by measurling the amplitude of the fluctuation with
the hot wire at various distances downstream from the
ribbon. ¥Figure 19 shows a typlcal result. The relative
fluctuation. amplitude for several frequencies is plotted
as a function of the distance from the rlbbon. It 1s seen
that some frequencles increase in amplitude downestream.

The amplitudes of the fluctuations with f = 250 and

f = 300 firet increase and then decrsase,the fluctuatlon
with f = B0 first decreases. and then lncreases in ampli-
tude. Hence, the extremes of thls dlagram denote the
stability limit: the Reynolds number Rg*, corresponding

to 2 minimum of amplitude, together with the frequency parameter
BV . .

o for the respective frequency, determine one point on

the lower stability limit of figﬁre 14. Maxzimumas determine
points on the upper stabllity limit.
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(c) During the investigation of the effect of a single
roughness element on the laminar layer (see sec. VII),. it
wae notlced that sound waves had a pronounced effect on the
unstable inflection-point profiles prevailing in the wake
of the obstacle. Hence, the roughness element together
with a loud-speaker can be used in place of the vibrating
ribbon. A few meamasurements have been made with this device.
However, the method is limlted to low Reynolds numbers
eince at higher Reynolds numbers transition takee place in
the wake of the obstacle.

Figures 20 to 22 show the results obtalned from meas-
urements on the convex side of the r = 20-foot plate. It
is seen that the results agree well with the measurements
of the N.E.S. on the flet plate. A slight shift of the
stability region toward algher values of Rs* herdly ex-

ceeds the scatter. MNeagurements of the stabllity limit on
the convex side of the r = 30-inch plaste were also made.
The reglon near the critical Reynolds number was caiefly
investigated to check if the slight shift in the stabllity
limit was &galin present. Figures 23 to 25 show the results.
The shift toward higher Rg* as compared with the N.B.'S.

results 1s agaln noticeabdle.

The influence of curvature on the stabillity limit 1is
so small that it 1s a posterioril justified to plot the re-
sults of all measurements on one curved plate together 1n
splte of the fact that, since different polnts were meas-
ured at different boundary-layer thicknesses, the parameter
34/r 18 not the same for all points. Within the accuracy
of measurement,this difference can be neglected; hence
the measurements on the r = 20-foot plate &and on the
r = 30-inch plate can be consldered as measurements with

. — . -
g = 10 and % = 10 3, respectively. A comparison of

these results with the computations of Schlichting (refer-
ence 22 ) regarding the influence of curvature on the
Tollmlien instability 1s somewhat difficunlt, seince
Schlichting's basic veloclty profile 1s not the same as
that of Tollmien. Hence, the absolute magnitude of the

critical Reynolds number is different (for % =0 the
flat plate,  Schllchting -flnds Rﬁ:r = 1530 as compared

with Tollmien's value of 420).° However,- the relative
influence of .curvature on the critical number can te com-
pared: " The critical Reynolds number for the r = 30~inch



) plate where the lngtabdllity 1limit is more accurately
; -. meagured than on the r = 30-foot plate 1s about BRz*

= 600 as compared with Rg*,, = 4560 measured by Schubauer

and Skramstad on the flat plate. Schlichting (reference )

finds at %= O) Bg*cr = 1630 and at L o._004._.. Bg* .= 1960.

Linear interpolation thus givaa for ? o, 001, B§*,p = 1640.
-7 N

Hence, the ghift in the critical number is of the same order.
Further conclusions cannot ‘be drawn since the experimental
accuracy in determining the lower instability limit is very
poor and slnce the velocity profile in the theory differs
from the one met in the experimént. .

A dotailed investigatlon of flow past a concave wall
has anot yet beer carried out. Hence, an experimental check
of Gortler's stability 1limit similar to the investigation
of the Tollmien-Schlichting wave cannot yet be given. How-
'y ever, a few conclusions based on measurements on the concave
slde of the r = 20-foot plate c¢an be given here:

(a) The Tollmien-Schlichting waves were not observed
on the-concave slde of the r = 20-foot plate

(b) The critical parameter of Gortler's theory is
Gv/_ If the measuremeats pfasentéd in figure 11 are

replotted so as to give (36/ > againet 6.'. ingstead of

Bﬂt agalnst Qn . 1t 18 sesn from figure 26 that (B J[E;)
r r . T/¢r
is closely constant for all 3 meagured; only for the

smallest values of ¥ does z%* 7Q¥ decrease. Thies
r : tr

latter decrease 1s expected since Bﬂt for A =0 nas to

have a finite value. The absolute value of B%JF[ at

trangition 1is appreciably larger than Gortler's atability

limit; E,o / 7 = 7.3 at transition as compared with B,b / -;

= 0.58, the theoretlcal eritical number. Thls, however,
18 no discrepancy between theory and expéeriment, since the
limit of stabillity means only that certain vortices can be
ampllflied from here on. Transitlon, however, means that
the perturbatlions become large enough to caunese & complete
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breakdown of orderly laminar flow. This difference 1ia
exactly the same in the flow along a flat plate where the
stabillity 1imit of the Tollmien-Schlichting wave is about
_Rs‘cr = 4560 but the layer can remain laminar up to values

of.ga* of the order of 3000-.

(¢) 4 third ergument which supports the essumption
that transition on goncave walls ‘1s caused by Teylor~Gortler
vortices is given in the discussion of the effect of angle
of attack later on.

The results of the.experimental investigatlon of
boundary-layer  stabllity agree and support the results
found for the transition polint: Transition is little
affected by convex curvature in the investigated range from

o - 0 to
r .
which bring about the breakdown of the laminar layer.are
‘only 8lightly affected by curvature.. Transition is affected
by concave curvature because,in addition to the Tollmien-
Schlichting wave,a strong dynamic instability enters. To
glve an 1dea of the mpgnitude of thlg destabllizing effect
of concave curvature. cansider an airfoll of camber X

wlith a chord 8. The radius of curvature of the airfoll

is approximately: . i .

|

= 0,001 ©because the Tdllmien-Schllchting waves

=15
T=%8«x

deglecting the influence .of pressare gradient, the maximum
momentum thickness .of the boundary layer is

=2 /v 8§
3V U
2 3 s 5 us
or I% <= 2.6 X >

Transition was found to occur for R ° % = 50

hence ' EJERg = 20

For examnle. with 2-percsnt camber, the Reynolds number
above which the curvature effect determines transition is

Rg = 107
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Honce, 1t is seen that under certaln.conditlons. concave
s -~- . curvature can haye .a ‘atrong - 1nf1uence on -transition. It
. must be pointsd out, of .course, that most modern.airfoils
have no conpave curvature whﬁre the doundary .layer would
be 1am1nar.', . PR . .

This l1e obviously onrly a crude estimate.: To- neglect
the influence of premssure gradienﬁ on ‘trangition on "con-
cave waila is, however.rprobably not | nomfar off as a simi-
lar asaumption for flat or convéx boqndaries. The stabil- .
ity 1imit of copcave flow with respect to the three-dimen-
| sional vortices was found 'Iittle affectqd by the ahape of
the velocity profile. Hence, the pressurs g:adient will
Influence the three—dimensional instability very little.,.
Only if the gradient becomes* 80 large that transition is
precipitated, dpe to-the. iwo—dimenaional ingtability, can
a ldrge influenocs of .the ﬁreaaure gradient be expected. .
The analogous angle-of-attack effect 1s dlscussed later on.

|a Yii. .SINGLE ROUGHNESS EQEMENT

During the investlgation of the Tollmien-Schlichting
waves with the wire lattice,. it was found that these wires,
stretched along the surface of the plate 1n the boundary )
layer, in no caee. caused immediate transition. It was
therefore declded to investigate the 1lnfluence of a slingle
roughness eolement. such as a wire or & narrow strip on tho
laninar boundary .layer. %TXor this opurpose, & strip of rubd-
ber tape about 1 centimeter -wide, 26 centimeters long, and
0.1 centimeter thick was g£lued directly on the glaass plate,
thus forwing a single.two-dimensional roughnega element.
The velocity profiles, downstream from this element, the
velocipy fluctuations, and the ocqurrénce of transition
were then studied. The.main' purpose’ of this investigation
wag to analyze ‘the action of such a disturbance on the Yam—
inar layer. The results of this 'study showed that there
exist three primary and readlly dlstingulshable caaes.
Figures 27, 28, and 29 show a typlcal example of each.

(1) The inflection~tyve profiles prevailling in the
wake of the obstacle and lmmedlately downetresm from 1t
are gradually reduced to the normal Blasius-type velocity
profile (fig. 27).

(2) The 1qflecﬁ1§n-type profile st1ll changes to a
Blesgius profile but the disturbance~- that 1s, the induced
lamlinar waves - are so strong when the Blasius profile 1s
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attained that transition occurs almost immediately.’ This
case i3 seen in figure 28, and 1t 18 to be noted that the
‘flow in the wake of the obatacle is st11ll lamlnar, turbdu-
lence occurring only after a Blesius-type profile has besn
passed through.

(3) Pigure 29 finally shows velocity profiles taken
.4n the wake of the obstacle with and without an external
disturbance - in this case sound waves. It 1s seen that
the addition of a relstively small external disturbance .
causes a radlical change 1in the profile. Without the in-
fluence of the sound weves, the proflle shows the exlst-
ence of a dead fluild region bounding a laminar wake. The
addition of 25 decibels of sound of a rather high frequency
(700 cycles) causes transition in the wake and produces a
turbulent profile as shown in figure 29.* The radical
difference ls further i1llustrated by the record of velocity
fluctuations shown in figure 30.

The appearance of these three types of disturbance
cauged by roughness leads to the following conclusions:
Transitlion caused by a roughness element does not necessar-
ily occur .lmmediately at the element, but may occur at some
distance downatream. Turthermore. transltion caused by a
roughness element may occur 1ln the roughness—-element wake
proper or further downstream after the layer has returned
to a normal Blasius-type proflle. This latter fact might
cauge considerable variation in the turbulent boundary-

. layer character downgtream from the transitioh point for

the following reasont! It 1s known that, 1f transition

takes place ln a normal laminar boundary layer, the loga-
rithmic veloclity dletributlion established itself almost
immediately after transition. In thée language of thé mizing-
length theory, the turbdbulent profile’ corresponds to a mixing
1ength proportional to the distance from the solid bYoundary.
If, however, traneition takes place in the wake of the ob-
stacle, the turbulent exchange corresponds to a mixing length
proportional to the width of the wake, or the distance from
the obstacle. Farther downatream the 1nfluence of the solid
boundary will become noticeatle end, close to the surface,
the logarithmic distribution is agein to be expected. The
profile (¢) in figure 29 appears to be of this type.

*The game effect could be caused by an increased tunnel
turbulence. EHowsver, the sound was simpler to.apoly.



37

Further. resbarch 1s required to determine hovw a tur- .
bulent velocity prrofile of thls type.develops. It seems
interesting to note-that the ‘profile (c)-in flgure 29
bears a close resemblance- to velooity profiles found ‘to
exlst shortly before turbulent separation takea place.

It is“concelvgble thet this resemblance is_pot, wholly
accidenmal but that the turbulent mechanism is simllar in
both cases:’ namely, a. reglon of 'wall-turbulence" and an
outer regién of "free turbulence.® This, in fact, is
certalnly to be expected if the turdbulent layer develops
from a separated laminar layer since this case would be
similar to the flow bhehind an obstacle. -

Which of the three cases above-described actually
occurs will depend on a critlical Reynolds number, and in
addition, on the level and the fregquency snectrum of ex-
ternal disturbances, such as the turbulence of the free
stream or nolise,” The critical number for a roughness -
element in a lamlinar dboundary layer 1s usually considered
to be given-dy the height € of the element and the
velocity which exists at this height in the undisturbed
layer. In the case of s Blasius profile, this leads to

B, ~ 3/9 ()

if the element i1s small enough to consider the profile_as
linear near the wall. Goldstein (reference 23) gives as

a ;
critical number (R, )s/a (_e_) <€ 150 and 90 for r_o'und. or

sharp elements, .respectively. The corresponding Reynolds
number for the first case {fig. 27) was comnuted from the
experimental data as approxlimately H00 - that is, nt a
considerably larger Reynolds number than Goldstein's
critical values, the flow stlll remalins laminar:. Thils
difference is at least partially due to the unusually low
turbulence level in the free stream for the present inves-
tigation and the consequent greater stability of the lami-
nar wake of the obstacle. The critical number for case 2
(fig. 28) 1s 2000,.and as pointed out before, the rough-
ness element wake 18 still laminar. - Case 3 (fig. 29)
finally shows that {at Reynolds number = 1300) the wake
can be rendered turbulent Py an external disturbdbance.

The Reynolds number R and the turbulence level
(or any other external disturbance) determine the stability
of the roughness element wake. In additlon, a second
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critical number has-to be considered which determines the
stabllity of the laminar boundary layer to which the flow
may return downstream from the wake proper. If this

Reynolds number Rg* 1e smaller than the Reynolds number

correspondiﬁg to the lower limit of the Tollmien-Schlichting
instability region (see fig. 13) the disturbances induced
by the roughness ®slement will die out; 1if 35* ls larger,.

part of the disturbances will be amplified and will
eventually lead to transition.

VIII. INFLUENCE OF THE PRESSURE GRADIENT OF -
BOUNDARY-LAYER TRANSITION

The influence of the pressure gradient on boundary-
layer transition along the convex side of.the 20-foot
radius of curvaturs pIate wag etudied. Figure 31 shows
the pressure distributions for which transltion was meas-
ured. It 1e seen that the wavinese of the distributien
remains unaltered when the mean eslope is changed. This
confirmse the statement made above tiaat the waves 1n. the
distribution are due to small local changes 1in redius of
curvature. Measurements of transition with the pressure
distridbution A heve already been discussed. The results
obtalned with the distribution 3B are shown in figure 32.
These results were gomewhat surprisling; although the tran-
sition Reynolds numbers were found to be smaller than
expected, they falled to indicate any noticeable devendency
on Xx. Purthermore, no systematlc influence of the waves
in the pressure distribution was noted on the critical
Reynolds number. The only effect of these pressure-
distribution waves was found in the length of the transi-
tion reglon - thHat 1s, thée reglon between the appearance
of the first turbulent bursts:and the polint where the layer
appears fully turbulent. ' This region. was.short vhen the
pressure increased, and lengthened when it decreased. A
few of the measured regions showing this effect are included
in figure 32,

Y

With the pressure distribution ¢ (fig. 33) the tran-
sition .Reynolds number was founmd to decrease still further
(fig. 33), end here the critical number was found to depend
oo x (or 8). It is seen from figure 33 that Ry, . de-

creaseé with increasing ‘s from a value of 1.38x 10° at
x = 70 centimeters. to a value of about 0.5 x 10 at
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x = 160 centimeters. 4 slight decrease is also seen at
valuea of .x . less than 70 centlmeters. However, this
latter decreaae does not mean oo much since thiae point
had to be measured at the highest’ obtainable speeds of. the
tunnel and at this. apeed. the turbulence level of the

free stream 1lporeases.*

Since the pressure dietribution ¢ was reasonabdly
close to a linear distributioh; the separation polnt could
easily be computed uging the Karman—uillikan or the simpli~
fled von Doenhoff procedure, - The latter computation gave
Xg = 140 centimeters. TUnfortunately, thils 1s too,close to

the trailing edge of the plate to permit a study of the
flow after separation in detail, and with .the present set-
up, it was impossidle to obtain higher gredients. A series
of veloclty profliles was then measured in order to check
the computed separation point. However, owlng to the rel-
atively small gradiert, the change in the velocilty profile
was 80 gradual that a satisfactory determination of the
separatlon point wae not Doselble. As an example, figure
34 shows two velocity profiles at x = 30 centimeters and at
x = 70 centimeters. It 1s seen that the profile at x = 70
centimeters 1s already very close to a eseparatlion profile.

Finally, measuremente were made +1th the pressure
distribution D (fig. 31l). The results are shown in fig-
ure 35. There is a marked incresse 1un the transitlon
Reynolds number. Because of the .limited tunnel velocity,
only a few pointg could be measured. ¥ith the pressure
digtributiorn ¢ and D the effect of the gradient on the
length of the transition region wae again noted as with
distribution B.

There remainsg the guestion as to the proper parameter
governing the influence of pressure gradlent on boundary
layer transition. It is felt that from measurements of
the type described above the proper parameter cannot be
found for the following reason:

At zero presassure gradienf and low free-stream turbu-
lencoe, the breakdown of laninar flow 1s caused by the
viscous-ingtabillty waves of Tollmieh and Schlichting.

*Por velocities above 30 m/sec the tunnel turbulence

increases from &l = 0.05 percent to 0.09 percent at 38
o :
m/ sec- '
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If ‘the pressure gradient 1ls posltive, two influences will
increase the inatabdllity: One 1la the influence of the
preassure gradient on the Tollmien-Schlichting wave, the
other is the dsvelopment of a strong dynamic instability
due to the change in velocity profile from the Blasius-
type profile to a profile having en inflection polnt. The
influence of pressure gradient on the Tollmien-Schlichting
wave was studied by Schubauer and Skramstad (reference 1l).
An increased amplification in the inetablllty zone and a
broadening of the zone were found. The effect of the dy-
namic 1nstability 1s not yet clear slnce, as mentloned
before, no critical Reynolds number has been computed and
the influence of the ghape of the profile on the instabdil-
ity 18 unknown, apart from the general statement that the
profile must have an inflectlion point. The problem bears
some resemblance to the gurvature effect: On concave walls
& strong dynemic instability enters and appareatly becomes
the determining factor 1n bringing about the breakdown of
the laminaer flow. The influence of pressure gradlent ap-
pears to be of the same nature except that the type of
perturbation 1s the same for viscous and dynamic instabil-
lty. To determine the parameter governing the influence
of pressure gradient on transitlon will, therefore, requilre
a detailed study of the perturbations leading to the break-
down of the laminar flow.

IX. THE ANGLE-Q¥-ATTACK EFFECT

It was mentioned before that Schiller (reference 2)
and Hall and Higlop (reference 3) found a strong influence
of the angle of attack of the plate on the locatlon of the
transltlon point. Based on the theoretical analysls of
boundary-layer lnstabllity and the foregoilng measuremsnts
on the influence of the roughness element and pressure
gradlent, an explanation of this effect can be given.

Assume that the trensition point of flat-vlate flow
is to be investigated and that the measurements are carrled
out on the side, say A (fig. 36) of the plate. The plate
is sald to be under a favorable angle of attack 1f the
stagnation point lies on the side 4, under an unfavorable
angle of attack 1f the stagnation polnt lies. on B. The
boundary layer on A in the latter case has to pass around
the leading edge of the plate. Hence, the pressure gra-
dient over the firet part of A will be positive and ite
magnitude will increase as the radius of curvature of the
leading edge becomes smaller. In other words, the leading
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edg¢ acts-like a roughness element for the slde ' A4; the-
‘413t xal boundary*layer prqfile will have an -infleéection
“point and thus the same effects as found with the roughnoss
element  (gee sed¢. VII) are to be expected. 4 disturbance
i the etream will be amplified because of the instability
'"of the profiles and; 1if finally the Blaglua-type layexr
develops downatream, the disturbances are amplified in the
Tollmien-S8chlichting zone and lead to precipitated transi-
tion. - At very -large -angles of ‘attack transition ¢an even
“occur id the wake of the leading edge without a Blasius
layer being formed at all. As the plate 1s turned; the
effect will occur very suddenly 1f thé ‘leading edge is'a
- knife edge and more-contimuously if the edge is rounded,
in agreement with the “above meessurements (*eference 3).
Setting the plate to zero ‘angle of attack is difficult since,
even if the setting were "correct for a given mean direction
of the flow,the directional velocity fluctuatione (v') would
complicate the matter. It thereforeé seems reasonable to
avoid 'thlsg inltigl dynamic instabllity by setting the plate
to & alight favorable angle of attack. This has, in fact,
been done in ‘most recent tnveetigatione.

‘It was mentioned before that Charters / . :
investigated the éffect of angle of attack of a curved
plate to test the validity of Taylor's (referéence 4)
criticism of the resulte of the "Clausers (reference 1).
Chartere found that the setting of the plate was critical
for the convex but not very critical for the concave side.
This effect is understandable if it is aseumed that transi-
tion on the concave slde 1s brought about by Teylor-Gortler

" vortices. These vortices were found to depend little on
the veloclity profile and therefore an inflection point pro-
file would not have muc¢h influence, 80 long as the unfavor-
able angle of attack 1s not gso large as to cause traneition
in the wake proper of the leading edge.

'5:. TES DEVELOPMENT OF TURBULENT FLOW

o

The .preceding parts, both experimental and theoretical,
deal melaly with the bréekdown of laminar flow. The ques-
tlon s to how the ‘ofderly wavée or vortex motion changes
! into the atatistically fluctuatlng turbulent motion 1s not
| angwered. Schubauer and Skramsted (referende 14) give an
excellent review of this problem in connection wlith théilr
measurement; only little can be added here:
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It appears that the formatlion of eddies starts from
some dynamic ingtabllity in a manner similer to the bresk-
ing of waves or the rolling-~up process of a vortex sheet.
Bence, the fiirst etep in bridging the gap between laminar
‘instability and turbulent motion is to find the development
from the orderly motion to & dynemlcally unstable configur-
ation. The Tolimien-Schlichting wave can bring about such
an instablility in two ways:

(1) The fluid close to the solid surface will, when

the amplitude of the wave becomes sufficlently large, come
to reat or actuelly reverse ita motion during one-half
perlod of the osclillation. The "instantaneous" profile is
then certalinly of the dynmmically unstable type. However,
the latter concliusion 1s only correct if the freaouency of
the perturbation for which thls profille 1ls unstadle is
large compared with the frequency of the Tollmien-Schlichting
wvave. Only in -this case can the instantaneous profile due
to the wave be conaldered a "mean" proflle for the dynamie
instability. The same argument applies, of course, to
Taylor's (reference 13) theory of forced transgition due to
fluctuating pressure gradients. The experiments with
roughness element (see sec. VIII) have shown that separation
profiles can prevail for quite some distance downstresm and
_ can actually return to a stable form without the development

of turbulent flow. On the other hand, there exlsts some
. experimental evidence for Taylor's theory of. forced transi-
tion. A better understanding of the stability of inflection
point. profiles .1s needed here for a clear decision.

(2) The .m' and v! components of the Tollmien-
Schlichtlng waves have a finite correlation. The correla-

t1lon coefficlent k = —B' ¥ _

k = -0.2 as compared with the correlation coefficient 1in

the turbulent boundary layer of k = -0.3. There exists,

therefore, an apparent shearing stress T = pulv' = pk/a e/
"which increases with increasing eamplitude of the wave. Ow-
ing to this shear the initial profile will be gradually
distorted end it appears very probable. that the profile be-
comes dynamically unstable. Since.the problem 1s a typical
nonlinear one (the profile being distorted by the wave, the
distorted mean profile leads to a change in the wave, and
80 on); hence, no definite form of the final profile can be
glven.

reaches a maximum value of
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In the case of the Taylor-dp}tlér vértices also, a
change, of the mean profile dume. to the ¥ortices must be
assumed; in spite of the fact that these vortices are
already the result of a dynanmic 1nataﬁi11ty. The vave -
length of these vorjices is too large ‘to asqume that these
develop inte ttrbulent eddies, and. furthermure,_Pai (ref~
erence 24 found that these vorticés ecan exist In fudbilent

".motlon. Since Taylor-Gortler vortices do nod vary period-

ically with time only a cuntinuous change in mean profile

--analogous to case 2 with the Wollmten-Schlichting wave 18

posslble, s _ -

r e

However. even tracing the proceas up- to a violent

dynamically unstable configuratlion is only one siep forward

in the genersl problem, eince the dynamic imstability 1is
again only known for small pe:turbations. - The actual devel-
opment of statistical turbulence appears to-be a monlinear
process and still prosents a formidable problem for future
research,

XI. CONCLUSICES

The breakdown of lamlinar flow can be caused by elther
a dynamic or a viscous insihbility. The bourdary larer on

convex surfaces.at least up to values of % = 0,001 1s
dynamically stable but has viscous instability. The viscous
instabllity leads to the development of laminar«bouzdary-
layer osclllations which have been predicted theoretically
by Tollmien and Schlichting and were found experimerntally by
Schubsuer and Skramstad on a flat plate., The characteristics
of these laminar oscillations are but 1little influonced by

convex curvature in the investigatoed range from %? = 0 %o

{; = §.001. The Reynolds number of transition is conrequently
unaltered on convex surfaces as compared with the flat plate,
Transition on the upper surface of an airfoil will therefore
not be noticeably influenced by the curvature, The results

of Milton and Francis Clauser which predicted a strong sta-

.bllizing effect of convex curvature are based on the assump-

tion of an identiocal mechanism of transition on convex and
concave walls, This assumption appears not to be correct.
The boundary layer on concave surfaces las apparentl: d,nami-
cally unstable with respect to certain three-dimensional
vortices. This instability was theoretically predicted by
@GdfYtler and measurements of the transition point on a con-
cave surface confirm his theory.
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The destabilizing effect of roughness elements and of
an adverse pressure gradient on the laminar boundary layer .
are due to a dynamic instability of inflection point pro-
files, Theory and experiment are not yet advanced enougi
to draw definite conclusions as to the governing parameters
for roughness and pressure gradient effect. Both effects
appear rather complicated owing to the change in the mean
velocity profile downstream and the development of dyrnamiec
instability in addition to the viscous instabllity. Transi-
tion 1in the wake of a roughness element can occur in the
wake proper of the element = due to the dynamic 1lnstabillity
of the inflection point profile 1n the wake, or after the
boundary layer has reattached to the wall, The boundary
layer in the latter case returns to the dynamically stable
Blasius profile, but laminar oscillations are -induced by
the unstable wake and these lead to a precipitated dreak-
down of thoe laminar layer,

California Institute of Technology,
Pasadona, Calif,, June 1943,
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Figure 8.- Distribution across tine boundary layer of the velocity fluctuations normal to

V{24

the mean flow
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TURBULENT

Figure 9.- Schematic diagram of the laminar and turburlent velocity

profiles in the boundary layer. The arrows indicate the
direction of the change in welocity if the laminar profile is re-
placed by the turbulent profile.
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Figure 10.- Oscillograms of velocity fluctuations in the transition
region with turbulent "bursts".

Figure 16.- Regular boundary layer oscillations excited by the wire
~ lattice. The upper trace is the timing wave tuned to
the hot wire output (lower trace).
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Figure 18.- Correlation between the output of two hot wires in the boundary.
layer showing the effect of wavelength, wave excited by the
wire lattice. Upper trace, Ox/A = 1; lower trace, Ax/» = 1/2.

Figure 30.- Velocity fluctuations in the wake of a single roughness element
showing the effect of sound waves on the flow in the wake.
Lower trace without sound, upper trace with sound. (Compare with fig. 29).
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Figure 31.~ Pressure gradients for which transition wae inveatigated along the convex
'8ide of the r = 20' plate.
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